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Broadband Self-Noise from a Ducted Fan

Stewart A. L. Glegg¤ and Cyrille Jochault†

Florida Atlantic University, Boca Raton, Florida 33431

The prediction of broadband self-noise from ducted fans is described. The source mechanism is assumed to
be the interaction of the turbulent boundary layer with the trailing edges of the fan blades. The source levels
are obtained from the measurements of self-noise from isolated blades, and these measurements are corrected to
give the in-duct sound power from a high-solidity fan. It has been found that the blade surface pressures are not
uncorrelated on each fan blade, and corrections must be included for the scattering from multiple trailing edges.
A method is introduced for coupling the modes in a circular duct to the modes of a linear cascade so that the sound
power is not singular at the mode cut on frequencies. Results show that the in-duct sound power scales with the
� fth power of the fan speed at low Mach numbers, but this changes to the sixth power or greater at high Mach
numbers. The angle of attack of the blade increases the self-noise as 2.4 dB/deg, and there are signi� cant increases
in low-frequency noise when blade stall occurs.

Nomenclature
A js.!/ = duct mode amplitude
Ap.°; º/ = blade response function as in Eq. (26)
a = duct radius
B = number of blades on rotor
b = blade span
c = blade chord
d = blade stagger
Fn.r; »; !/ = Fourier transform with respect to time of blade

surface pressure on nth blade
fi . y; ¿ / = force per unit area applied to the � uid

by the blade
G. y; ¿=x; t/ = Green’s function
g = function describing blade surface
gn = blade response function for rectilinear cascade
H .1;2/

j .® j sr/ = Hankel function of the � rst or second kind
h = hub radius
h0 = blade spacing normal to the direction of the � ow
i =

p
¡1

J§ = split functions de� ned in Ref. 13
j = integer indicating azimuthal mode order
K §

js = see Eq. (9)
k§

js = see Eq. (6)
k0 = acoustic wave number !=c0

L = scale of � ow variation in spanwise direction
l = spanwise length scale
M = duct axial � ow Mach number
Me = � ow Mach number relative to the blade
n = integer specifying blade number
n = unit normal to blade
Pn = pressure � uctuations generated by blade

boundary layer on nth blade
p.x; t/ = acoustic pressure � eld
r; r0 = duct coordinate; see Fig. 1
re = distance of observer from trailing edge of

isolated airfoil
S = blade surface
S.n;m/

F F . y; y0; !/ = cross-spectraldensity of blade loadings on mth
and nth blades

SP P .!/ = spectrum of surface pressure � uctuations
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S§
ww.!/ = sound power in upstream or downstream

direction (+ refers to upstream)
s = integer indicating radial mode order
T = averaging time
Ti j = Lighthill’s stress tensor
t = observer time
U = duct axial � ow speed
Uc = gust convection velocity
U j .® jsr / = duct mode function
V = source volume
Vn. y; ¿ / = surface normal velocity
X js = constant de� ned in Eq. (15)
x = chordwise location on a rectilinear blade
xi ; x = position vector
Y js = constant de� ned in Eq. (15)
y = spanwise location on a rectilinear blade
yi ; y = position vector
z; z0 = duct coordinate; see Fig. 1
® js = duct mode radial wave number
¯ = blade angle; see Fig. 1
¯ j s = duct mode axial wave number
0 j s = duct mode constant de� ned in Eq. (3)
°c = ! j=Uc

° = chordwise wave number
1! = frequency bandwidth
± = length scale of order boundary-layer thickness
³c = .1 ¡ M 2

e /
1=2[· 2

e ¡ .°c C· Me/
2]

1=2

³ §
j s = see Eq. (6)

µ = blade camber in Eq. (5)
· = ! j=[c0.1 ¡ M2

e /]
· 2

e = · 2 ¡ º2=.1 ¡ M 2
e /

¹ =
p

1 ¡ M2

º; º1 = spanwise wave number
» = blade coordinate; see Fig. 1
½0 = mean density
¿ = source time
Á; Á0 = duct coordinate; see Fig. 1
Án = blade coordinate; see Eq. (5)
9. / = see Eq. (18)
91. / = blade response function of isolated blade
Ä = rotational speed of fan
! = frequency
! j = ! ¡ jÄ

I. Introduction

B ROADBAND noise fromducted fans has becomean important
issue in modern aeroengine design. Future concepts call for

ultrahigh bypass ratio engines with large fans, which have lower
rotational speeds than their predecessors. As a consequence, the
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blade passage frequency of the fan is reduced to frequencies that
are below the subjectively important part of the spectrum. In the
past, the dominant contributor to the frequencies that determine the
aircraft noise certi� cation levels on approach was the fan tones, but
this is no longer the case, and the high-frequencybroadband noise
from the fan is now thought to be of equal importance.1

Fan broadband noise is classi� ed into two different categories:
self-noise,which speci� es the sound radiated by the self-generated
turbulence close to the blade surfaces, and in� ow noise, which is
the sound radiated by the interaction of the blades with turbulence
generatedat some upstreamlocation.The self-noiseis the base level
of the radiated sound � eld and is important because it represents the
minimum achievable level of broadband noise from the fan. This
paper will consider methods for predicting fan self-noise for ducted
subsonic fans.

The self-noise from a ducted fan can be further broken down into
two differentsourcemechanisms.First there is bladeboundary-layer
noise, which is generated by the turbulence in the blade boundary
layer interactingwith the trailing edge and is sometimes referred to
as trailing-edgenoise. Second, there is tip � ow noise, which is gen-
erated by the complicated � ow around the blade tips and its interac-
tion with the duct wall boundarylayer.Little is known about tip � ow
noise, although experimental observations2 have shown changes in
fan noise with variations in tip gap dimensions. In contrast, a large
amount of work has been done on trailing-edgenoise for unducted
rotors,3– 9 but the application of these concepts to ducted fans does
not appear to have been studied. This paper will address this issue
and apply the known concepts of trailing-edgenoise to a ducted fan
con� guration, considering in particular the coupling of the trailing-
edge noise source to the sound � eld in the fan duct.

Theoretical studies of trailing-edgenoise3– 7 have shown that the
sourcemechanismof trailing-edgenoise is the scatteringof sound at
the sharp trailing edge of the blade. The sound is actuallygenerated
by the turbulence in the blade boundary layer, but because this is
convectedsubsonically,it does not couplewith the acousticfar � eld.
However, it does generate a strong near � eld, which causes signif-
icant pressure � uctuations on the blade surfaces, and to ensure that
the � ow past the trailing edge is continuous,a viscouswake must be
generated. It is the interactionof the sound generated in the bound-
ary layer and the wake with the surfaceupstreamof the trailing edge
that causes waves to propagate to the acoustic far � eld. Analytical
solutions to this problem can be posed in terms of a boundary value
problemin which the Kutta condition is imposed at the trailing edge
of the blade. Of particular relevance is the theoretical approach de-
veloped by Amiet,6 who gives a formulation relating the far-� eld
spectral level to the spectrumof the convectedboundary-layerpres-
sure � uctuations and their spanwise correlation length scale. Both
factors need to be known to predict the sound from a ducted fan,
and although it is possible to measure the surface pressure spec-
trum using pressure transducersembedded in the blade surface, it is
very dif� cult to measure the spanwise correlation length scale. An
alternativeapproach is to estimate the combinationof these two pa-
rameters from acoustic far-� eld measurements of an isolated airfoil
in a wind tunnel. By using Amiet’s6 relationship,measurements of
the acoustic � eld can be inverted to obtain the components of the
surface pressure spectrum,which are important for sound radiation.
This approach has the advantage that nonradiating components of
the surface pressure spectrum are correctly � ltered out of the esti-
mated surface pressure.A further advantageof this approach is that
an extensivedatabaseexists9 for the self-noisegeneratedby isolated
blades at different � ow speeds and blade angles of attack. Conse-
quently,by combiningthisdatasetwith Amiet’s theory,we can spec-
ify the blade surface parameters needed to compute trailing-edge
noise.

In this study, we are interested in ducted fan blades, and so to
predict the in-duct sound levels, we require the surface pressure
spectrum and correlation length scales on the fan or stator blade
surfaces. This information is not available but can, in the � rst in-
stance, be estimated from the measurements on isolated blades as
described earlier. However, ducted fan blades differ in many re-
spects from the blades used in the study by Brooks et al.9 First,
fan blades are not isolated, and so the � ow may be in� uenced by
the presence of an adjacent blade. This can have an important ef-

fect on the acoustic scattering as will be discussed later, but its
in� uence on the blade boundary-layer properties is not clear. The
second differenceis the blade camber. The measurementsof Brooks
et al.9 are for uncambered blades, whereas typical fan designs have
blades with signi� cant camber. However, it is argued by Chase5

that the boundary-layer properties scale with the � ow speed and
the boundary-layermomentum thickness at the blade trailing edge.
Consequently, the results of Brooks et al.9 can be used in principle
for ducted fan blades providing a relationshipis established that en-
sures that the blade trailing-edge boundary-layerproperties are the
same in each case.

Because fan bladesare rotating,the � ow speedand the angleof at-
tackvary signi� cantlyacrossthe span.However, the spanwisecorre-
lation length scale of typical boundary-layer� ows may be assumed
to be on the order of the boundary-layerthickness, and this is small
compared with both the spanwise scale of the mean � ow variables
and the acoustic wavelength. This suggests that the boundary-layer
properties of a rotating blade may be approximated by splitting the
blade into spanwise strips and assuming the boundary layer is the
same as that of a blade in rectilinearmotion with the same local � ow
speed and angle of attack.9 However, the surface pressure spectrum
that coupleswith the acoustic� eld is correlatedover a spanwisedis-
tance that is the order of the acoustic wavelength, and so this strip
theory approach is only valid in the high-frequencylimit where the
acoustic wavelength is small compared with the blade span. This is
a signi� cant limitation, and the consequencesof this approximation
for the ducted fan con� guration will be considered in Sec. II.

In Sec. II of this paper, a theory is developed for the sound power
radiatedfrom a ductedfan by trailing-edgenoise sources.The turbu-
lent boundary-layer � uctuations are assumed uncorrelatedon each
blade, but a correction is included for acoustic scattering from ad-
jacent blades. The blade surface pressure spectrum is based on the
interpolationof the measurements by Brooks et al.9 on isolated air-
foils. The scaling of the results as a function of the blade design
parameters is given in Sec. III.

II. Evaluation of the In-Duct Sound Power
for Trailing-Edge Noise

A. Theory for Noise from Blades Rotating in a Duct
In deriving a theory for the noise generated by ducted fan blades,

we must consider the general problem of sound radiation from an
unsteady � ow over moving surfaces in a duct. This problem is illus-
trated in Fig. 1, which shows a set of fan blades in a circularduct and

Fig. 1 Coordinate systems used in the analysis.
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an observerat the location x. By using Lighthill’s acoustic analogy,
the acoustic pressure at the observer can be speci� ed as

p.x; t/ D
T

¡T V

Ti j . y; ¿ /
@2G. y; ¿ j x; t/

@yi @y j
dV d¿

C
T

¡T S

fi . y; ¿/
@G. y; ¿ j x; t/

@yi
dS d¿

C
T

¡T S

½0Vn. y; ¿/
D0G. y; ¿ j x; t/

D¿
dS d¿ (1)

where G. y; ¿ j x; t/ is Green’s function that applies for a source in
the duct at y and an observerat x in accordancewith the conventions
given in Ref. 10.The � rst term on the right-handside of this equation
is the quadrupolesource term, which representsthe soundgenerated
by the turbulent � ow � uctuations.In the blade boundary layer, these
sources are convected subsonically relative to both the observer
and the rotor blades, and there is no rapid streamwise distortion of
the � ow, which can be assumed uniform at the trailing edge of the
blades if the Kutta conditionapplies.The second term representsthe
dipole source term. The last term represents the contribution from
the moving volume of the blade commonly referred to as thickness
noise.This term is not important forductedfansand onlycontributes
to the near � eld at the blade passage frequencies, and so it will be
ignored.

To evaluate the levels of trailing-edge noise, two different ap-
proaches have been used. Ffowcs Williams and Hall3 and Howe4

used a Green’s function that satis� ed the boundary conditions for a
semi-in� nite � at plate and so were able to eliminate the dipole term
in Eq. (1). In Howe’s approach,4 a vorticitydistributionis shed from
the trailing edge to ensure that the Kutta condition is satis� ed. In
contrast, Amiet6 speci� ed a convected pressure disturbance on the
surface of the blade that was induced by the quadrupole sources in
the blade boundary layer. He then assumed that the turbulence in
the boundary layer was undistorted as it convected past the trailing
edge and introduced a correction to the local acoustic � eld, which
ensured that there was no pressure discontinuity in the blade wake.
In essence, both Howe’s and Amiet’s wake correctionsare identical,
the only differencebeing the manner in which the problem is set up.
Howe speci� es the � ow explicitly, whereas Amiet speci� es the net
contribution of the induced � ow in the wake. Both theories show
that the subsonically convected turbulence in the boundary layer
does not radiate to the acoustic far � eld and that no sound is radi-
ated if the eddy convection velocity equals the freestream velocity.
In the analysis given here, we will use Amiet’s approach and de� ne
the acoustic � eld in terms of the blade surface pressure, ignoring
the quadrupole term because this does not couple with the acous-
tic � eld. On this basis,6 we need only consider the dipole term in
Eq. (1).

Green’s function can be de� ned for the acoustic � eld in a hard
walled circular duct with a uniform axial � ow10 as

G. y; ¿ j x; t/ D
i

4¼

1

¡1 j;s

U j .® jsr0/

¯ js 0 js

£ exp ¡i!¿ C i jÁ0 ¡ i.Mk0z0 § ¯ j s z0/ ¹2

£ U j .® j sr/ exp i!¿ ¡ i jÁ C i.Mk0z § ¯ js z/ ¹2 d! (2)

where the observer is located at r0 , Á0, z0 and the source point is
r; Á; z (z is in thedirectionof the � ow, and the § refers to anobserver
in theupstream/downstreamdirection). The axial � owMachnumber
is M and ¹2 D 1 ¡ M2. The wave number k0 is de� ned as !=c0,
where c0 is the speed of sound, and the coef� cients ® js are the
solutions to U 0

j .®a/ D U 0
j .®h/ D 0. We also have that

¯ j s D k2
0 ¡ ¹2®2

js 0 j s D ¼ r 2 ¡ j 2 ®2
js U 2

j .® jsr/
a

h

(3)

The terms in Eq. (2) have been arranged so that those that depend
on the source coordinates are grouped in the braces. Consequently,
when Eq. (2) is used in Eq. (1), we can carry out the integrals over

the source variables separatelyand de� ne a modal expansionfor the
acoustic � eld in the form

p.x; t/ D
1

¡1 j;s

A js.!/U j .® jsr0/

£ exp i jÁ0 ¡ i.Mk0 § ¯ js/z0 ¹2 ¡ i!t d! (4)

To obtain the mode amplitudes A js .!/ for the dipole term in
Eq. (1), we will � rst assume that the thickness of the blade is small
compared with the acoustic wavelength,10 and so the surface inte-
gral in Eq. (1) may be replaced by an integral over the blade plan-
form, and the force applied to the � uid is replaced by the pres-
sure jump across the blade. The integral over the planform must be
carried out for each blade separately, and so we de� ne yn.r; ¿ / as
the location(in stationarycoordinates) of thepointr on the nth blade
at time ¿ . In cylindrical coordinates, yn D [r; Án.r; z; ¿/; z], where
zu < z < zD speci� es the axial extent of the blades at each radial
location.If we de� ne » as the chordwise location on the mean blade
planform (see Fig. 1) and ¯ as the angle that the mean blade plan-
form makes with the direction of rotation (so that tan ¯ D U=Är/,
then z ¡ zu D » sin ¯, and we can de� ne

Án D Ä¿ ¡ .2¼n=B/ ¡ » cos¯=r ¡ µ.r; z/ .5/

where µ.r; z/ de� nes the blade camber relative to the mean chord
line.

The forceapplied to the � uid is in thedirectionnormal to theblade
surface, and so the gradient of Green’s function in the dipole term
of Eq. (1) must be evaluated in this direction.The normal is de� ned
by n D rg=jrgj where g D Á ¡ Án , and so if we de� ne Fn.r; »; !/
as the Fourier transform with respect to time of the blade surface
pressure � uctuations on the nth blade, the mode amplitudes will be

A js .!/ D 1

2¯ j s0 js

B

n D 1

a

h

c

0

³ §
jsU j .® jsr/Fn.r; »; ! ¡ jÄ/

£ exp ik§
js» C 2¼ inj=B C i jµ.r; » / dr d»=n» (6)

where

n» D nÁ sin ¯ C nz cos ¯

k§
j s D j cos ¯=r C .Mk0 § ¯ js/ sin ¯=¹2

³ §
js D

jnÁ

r
¡ .Mk0 § ¯ js/nz

¹2
¡

® jsU 0
j .® jsr/nr

U j .® jsr/

Given the dimensions of the duct, all of the quantities in Eq. (6)
are known apart from the blade loading distribution Fn . This result
allows for blades with arbitrary shape, but it is often reasonable
to ignore the effect of the blade camber, sweep, and lean on the
amplitude terms in Eq. (6) by approximatingthe normal to the blade
surface as

n D .nr ; nÁ ; nz/ ¼ .0; sin ¯; cos¯/ .7/

The duct modes are useful because they can be used to calculate
the in-ductsoundpowerpropagatingeitherupstreamor downstream
from the fan. The expression for the autospectrum of the sound
power is10

S§
ww.!/ D Re

j;s

!¹4¯ j s0 js

½0! § ¯ j sU
2

¼

T
Ex jA js.!/j2 .8/

This is a relativelysimple expressionand allows the spectrumof the
sound power to be obtained from the spectrum of the mode ampli-
tudes. Note how no sound power is radiated when ¯ js is imaginary,
which eliminates the cutoff modes from the calculation.
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The in-duct sound power generated by broadband noise sources
is therefore given by the expected value of the mode amplitudes as
a function of frequency. These can be de� ned from Eq. (6) in the
form

¼

T
Ex jA j s.!/j2 D

³
1

2¯ js0 j s

´2

£
B

n D 1

a

h

B

m D 1

a

h

³ §
j s.r/³ §

j s.r
0/U j .® jsr /U j .® jsr

0/

£
c

0

c

0

S.n;m/

F F . y; y0; ! j / exp[i K §
js.»; r/ ¡ i K §

js .»
0; r 0/

C 2¼ i j .n ¡ m/=B] dr dr 0 d» d» 0=n» n 0
»

(9)

where ! j D ! ¡ jÄ and K §
js D k§

js» C jµ.r; » /. The term S.n;m/

F F is
thecross-spectraldensityof thepressure� uctuationson bladesnum-
ber m and n at the locations y D .r; » / and y0 D .r 0; » 0/, which is
de� ned as

S.n;m/

F F . y; y0; ! j / D .¼=T /Ex Fn.r; »; ! j /F ¤
m .r 0; » 0; ! j / .10/

If the � uctuations on each blade are uncorrelated, then only those
terms for which n D m need be included in the summations, but in
general that will not be the case because the blades are coupled by
the acoustic � eld.

This result shows that the acoustic � eld depends on the cross
spectrum of the blade loading distribution,and this must be known
with suf� cient accuracy to calculate the surface integral in Eq. (9).
Note that the integrand also includes highly oscillatory functions,
and the coupling of these to the cross spectrum is crucial to the
accuracy of the result.

The blade loadings for broadband sources on rotating blades are
not well understood. At the present time, the fully coupled blade
response to either an unsteady in� ow or a turbulent boundary layer
can only be obtainednumerically,11 ;12 and calculationsto date have
been limited to the � rst few blade passage harmonics. Broadband
noise calculationsare an order of magnitude more dif� cult because
they require multiple frequency calculations at very high frequen-
cies. Therefore we are limited at this time to estimating the blade
response function for a rotating blade by using the blade response
functions for rectilinear blades applied to incremental strips across
the span. The accuracy of this approximation depends on the span-
wise extent of the blade response to a local excitation. In broadband
noise calculations, it is often argued that the spanwise correlation
length scale of the incident � uctuations is small, and so each span-
wise strip of the blade can be considered uncorrelated.6 However,
this argument only applies to the � ow exciting the blade and does
not consider the blade response, which may effectively spread the
in� uence of a local gust across the blade span. In the following sec-
tions, we will examine this approximation for trailing-edge noise
sources on a rotating blade.

B. Blade Surface Pressure
The theory for trailing-edge noise from an isolated blade can be

found in Ref. 6 where it is shown that the acoustic radiation de-
pends on both the turbulent boundary-layer pressure � uctuations
and the blade response function. In fan noise applications,the blade
response function also depends on the acoustic scattering by adja-
cent blades. This problem was studied for a linear cascade model in
Ref. 13, and signi� cant blade-to-blade interactionswere identi� ed.
In this section,we will review the results of Ref. 13 so that they may
be used for the evaluation of Eq. (9).

It will be assumed that the pressure � uctuationsgenerated by the
blade boundary layer far upstream of the trailing edge of the nth
blade can be represented by

Pn.y; x; ¿/ D
1

¡1

1

¡1
Pn.! j ; º/ exp[iºy ¡ i! j ¿ C i°cx] dº d! j

(11)

(Note that this formulation differs from that given in Ref. 6 in as
much as the response is allowed to be a functionof span.) The blade
loading on a rotor blade will depend on both the boundary-layer
� uctuations on the excited blade as well as those on the adjacent
blades, and so in the presence of the trailing edge, the loading can
be written in the form

Fn.y; x; ! j / D
B

k D 1

1

¡1
gn ¡ k .x; º; ! j /Pk .! j ; º/eiºy dº .12/

The function gn ¡ k is the blade response function of the nth blade
to a boundary layer on the kth blade. The cross spectrum of
the surface pressure required in Eq. (9) will therefore depend on
Ex[Pn.! j ; º/P¤

m .! j ; º 0/], which can be evaluated for a homoge-
neous turbulent boundary layer that is uncorrelated from blade to
blade but has the same average properties, as

¼

T
Ex Pn.! j ; º/P¤

m .! j ; º 0/ D
l SP P .! j /

¼
±.º ¡ º 0/±mn .13/

where SP P .! j / is the spectrum of the surface pressure � uctuations
at a point. The parameter l is the spanwise length scale as de� ned
by Amiet,6 which is a function of the spanwise wave number. It is
often argued that the dependenceof l on the spanwise wave number
can be ignored because it is only importantwhen º± > 1, where ± is
a length scale that is on the order of the boundary-layer thickness,
but we will not make this approximationuntil a later stage. We then
obtain the cross spectrum of the blade loadings as

S.n;m/
F F . y; y0; ! j / D

SP P .! j /

¼

B

k D 1

1

¡1
lgn ¡ k.x; º; ! j /

£ g¤
m ¡ k .x 0; º; ! j / exp[iº.y ¡ y0/] dº (14)

The result given by Eq. (14) provides the cross spectrum of the
loadings for a linear cascade that has uniform spanwise properties.
By using strip theory, we can use this result as an input to Eq. (9)
to obtain the amplitude of the duct modes in terms of the surface
pressure spectrum SP P .

C. Duct Mode Amplitudes Obtained from Strip Theory
The mode amplitudes de� ned by Eq. (9) can only be evaluated if

the cross spectrum of the loadings are known, and as stated earlier,
we will estimate these from the cross spectrum of the loadings on
a linear cascade of semi-in� nite � at plates with uniform � ow at all
spanwise locations. This is at best a high-frequencyapproximation
because the properties of the boundary layer on the rotating blade
will vary signi� cantly across the span, and we must therefore use
broadbandstrip theory to relate the linear cascadeblade response to
the rotating blade response. The assumption required is that S.n;m/

F F
will tend to zero when the spanwise displacement r ¡ r 0 is greater
than some distance L over which the � ow conditions may be as-
sumed constant. The blade response extends the in� uence of any
locally excited region over a blade surface area that scales with the
acoustic wavelength. Consequently, strip theory only applies when
kL À 1. On this basis, we can carry out a local expansion of the
Bessel function terms in Eq. (9), which retains the phase variation
of Green’s function across the span but relates all amplitude varia-
tions that depend on r 0 to their value at r . The expansion takes the
form

³ §
j s.r

0/U j .® jsr
0/ ¼

³ §
j s.r /

2
X js H .1/

j .® jsr/ exp[iº1.r ¡ r 0/]

C
³ §

j s.r/

2
Y j s H .2/

j .® j sr/ exp[¡iº1.r ¡ r 0/] (15)

where

U j .® jsr/ D 1
2
X js H .1/

j .® jsr/ C 1
2
Y js H .2/

j .® jsr/

This allows an approximation of the integrand of Eq. (9) in the
vicinityof r so that it may be written (assuming uncambered blades
aligned with the � ow)
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¼

T
Ex jA j s.!/j2 D

³
1

2¯ js0 j s

´2 a

h

r C L

r ¡ L
³ §

js .r/
2 U j .® jsr/

2

£ X js H .1/

j .® jsr/ exp[iº1.r 0 ¡ r/] C Y js H .2/

j .® jsr/

£ exp[¡iº1.r
0 ¡ r /]

B

n D 1

B

m D 1

c

0

c

0

S.n;m/

F F . y; y0; ! j /

£ exp ik§
js.» ¡ » 0/ C 2¼i j .n ¡ m/=B] dr dr 0 d» d» 0 (16)

In approximatingEq. (9) using Eq. (16), we have introducedan im-
portant simpli� cation of the broadbandnoise problemfrom rotating
blades because it allows us to substitute SF F from Eq. (14) directly
using the local � ow conditionsat the spanwise station r . Evaluating
the integralsusing Eq. (14) with y ¡ y0 D r ¡r 0 and x D » ¡ c in the
strip theory limit kL À 1 gives

¼

T
Ex jA js .!/j2 D

³
1

2¯ js0 j s

´2

B
a

h
³ §

js.r /U j .® jsr/
2

£ 2l SP P .! j ; r / 9 ! j ; º1; k§
js

2
dr (17)

where

9 ! j ; º1; k§
js D

B

n D 1

c

0

gn.» ¡ c; º1; ! j /exp ik§
js» C 2¼i jn=B d»

Note that we have used the property g¡n D gB ¡ n and given SP P a
dependenceon r to indicate that it is a functionof spanwise location.
Also we have taken gn to be an even function of the spanwise wave
number, which is to be expected in the uniform� ow approximation.
This result shows how the duct mode amplitudes are dependent on
the surface pressure spectrum SP P , the blade response function 9,
and the spanwise length scale l. The blade response function can
be de� ned analytically, but the surface pressure and the spanwise
length scale are features of the � ow that are hard to predict or to
determinefromcomputationsof the � ow. Typicallywe are interested
in blades that are operating close to stall, and so the � ow is very
unstable, and nonlinear interactions are important. At this time, we
are limited to estimating the surface pressure from experiments on
isolated blades and interpolating the results to the conditions of
interest. This approach will be described in Sec. II.F.

D. Phase Approximation
To obtain the result given by Eq. (17), it was necessary to make

use of the local expansion, Eq. (15), and in this section, we will
evaluate the value of the phase function º1. First consider a Taylor
series expansion of the Hankel function in Eq. (15). This may be
written in the form

H .1/

j .®r 0/ D exp H .1/

j .®r / C.r 0¡r/
@

@r
H .1/

j .®r/ (18)

so that we can de� ne the phase function as

º1 D ¡i
@

@r
H .1/

j .®r / D
¡i®H 0.1/

j .®r/

H .1/

j .®r /
.19/

For large values of the argument, we can approximate the Hankel
function as

H .1/

j .®r / D 2

¼®r
exp i

³
®r C 4 j 2 ¡ 1

8®r
¡ j¼=2 ¡ ¼=4

´
(20)

so that

º1 D ® ¡ 4 j 2 ¡ 1
8®r 2

C
i

2r
.21/

We see therefore that the real part of the phase function depends on
the radius, and although this dependenceis weak well above cutoff,
there is an implicit radial dependence.

One of theproblemswith usinga � at platebladeresponsefunction
to represent a blade rotating in a cylindrical duct is the matching of

the responseat frequencieswhere the duct modes cut on. At the cut-
on frequency, ¯ js D 0, and so considering Eqs. (8) and (9), we see
that the soundpowerof each mode is singularat cut-on.However, for
a rectilinearcascade,it canbe shown that thebladeresponsefunction
tends to zero at the cut-on frequency,10 and so the sound power
remains � nite. It is therefore important that, when modeling the
responseof the rotatingblade by an equivalentrectilinearbladeover
a � nite strip (however small), the behavior at cut-on is correct. This
is especiallysigni� cant for broadbandnoise calculationsbecause at
high frequencies the modal density in any bandwidth of practical
interest is high, and so there will be severalmodes that cut on within
any band. The singular behavior of the expressions for the sound
power and the mode amplitudes can cause large errors unless it is
accounted for correctly.

To address this problem, consider the dispersion relationship for
acoustic waves in cylindrical coordinates.For a wave � eld in a duct
with uniform � ow in the axial direction, the acoustic pressure is
given by p D AU j .® j sr/ exp.¡i!t C i jÁ C i° z/. The dispersion
relationship that determines ° is given by

° 2 C ®2
js D .! ¡ ° U /2

c2
0

.22/

In contrast, the acoustic � eld in rectilinear coordinates with a uni-
form � ow in the z direction is de� ned as p D A exp.¡i!t C iºy C
i¯x C i° z/ and satis� es the dispersion relationship

° 2 C ¯2 C º2 D .! ¡ ° U /2

c2
0

.23/

If the x axis is aligned with the azimuthal direction so that x D Ár ,
theperiodicityof thewave � eld requiresthat¯ D j=r . Consequently,
the dispersion relationshipswill be identical if

º2 D ®2
js ¡ . j 2=r 2/ .24/

To � rst order, we can expand this relationship to give

º D ® j s ¡
j 2

2® jsr 2
.25/

which is a good approximation to the Taylor series expansiongiven
by Eq. (21). The differencebetween Eqs. (19) and (24) is illustrated
in Fig. 2 for different mode orders. The results have only been
plotted for a duct with no centerbody for values of ® jsr > ® j1r ,
which correspondsto the cut-on modes. We see from this result that
the approximation is good for the higher-mode orders and is worst
for the lowest-ordermode close to the cut-on location.

In conclusion, when aligning the wave numbers in rectilinear
coordinates with the wave numbers in cylindrical coordinates, it is
important that the dispersion relationships are preserved so that the
cut-on frequenciesfor each mode are the same in both cases.For this
reason,we must choosethe spanwisewavenumbergivenby Eq. (24)
in the rectilinearexpansion,and this gives a good approximationfor
the local expansion of the Bessel functions.

Fig. 2 Evaluation of radial phase approximation ¤ is the approxima-
tion given by Eq. (24), and the lines show Eq. (19) for different mode
orders.
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E. Blade Response Function
The blade response function for pressure � elds convected past

the trailing edges of a linear cascade of blades was investigated in
Ref. 13, where it was shown that, for an incident pressure � eld of
the type given by Eq. (11),

gn.x; º; ! j / D
1

¡1
exp[¡i° .x ¡ nd/]

£
1

p D ¡1
A p.° ; º/ exp

³
¡2¼ i pn

B

´
d° (26)

where the function Ap is de� ned by Eq. (23) of Ref. 13 [with
Q exp.i»0jy0j/ D 1

2 to accountfor pressuredoublingon the surface],
and the trailing edge of each blade lies at x D nd. It then follows
that the function required in Eq. (17) is given by

9.! j ; º; ° / D 2¼ Bei° c
1

p D ¡1
A j ¡ pB .°; º/ .27/

and by combining Eqs. (23), (26), and (28) of Ref. 13, we � nd that

9.! j ; º; ° / D
i³cei° c

4¼ i.° C °c/J . j /
C .¡°c/J . j /

¡ .° /
.28/

where ³c D .1 ¡ M 2
e /

1=2
[·2

e ¡ .°c C · Me/
2]

1=2
, ·2

e D ·2 ¡ º2=.1 ¡
M2

e /, · D ! j=c0.1¡ M2
e /, and °c D ! j =Uc . This result is only valid

for calculatingthe sound � eld in the region downstreamof the blade
trailingedgesbecausethe model used is for a cascadeof bladeswith
semi-in� nite chord. For the sound that propagates in the upstream
direction, the sound � eld is trapped in the blade passages and then
radiates from the in� ow plane of the fan. A complete theory for the
propagation of waves through the blade passages, their re� ection,
and subsequentradiation is not yet available,but current indications
are that there is very little energy re� ected back downstream from
the fan leading edge.

To interpret the results it is shown in Ref. 13 that a reasonable
approximation is given for Eq. (28) in the form

9.! j ; º; ° / D .1 ¡ e2i³ h0 /ei° c

i.° C °c/

·e C °c C · Me

·e ¡ ° C · Me
.29/

where ³ D .1 ¡ M 2
e /

1=2
[· 2

e ¡ .° ¡ · Me/
2]

1=2
. Two features are im-

portant about this result. First, the term [1 ¡ exp.2i³ h0/] represents
the re� ection of waves by adjacent blades and is typical of an inter-
ferenceeffect. The responsefunction thereforehas zeros at frequen-
cies where ³h0 D ¼ , and these will be apparent in the computation
of the sound power spectra to be discussed in Sec. III. Second, the
function given in Eq. (29) reduces to the blade response function
for an isolated blade in the limit that h0 tends to in� nity because ³
has a small positive imaginary part so that [1 ¡ exp.2i³h0/] » 1.

F. Surface Pressure Spectrum
To evaluate the spectrum of the blade boundary-layer pressure

� uctuations, we will consider measurements of the acoustic � eld
froman isolatedblade. It is shown in Ref. 6 that the far-� eld pressure
spectrum from an isolated blade in a uniform � ow is given in terms
of the cross spectrum of the blade pressure � uctuations.To evaluate
Eq. (17), we need to specify 2lSP P , and this can be determined from
the measurementof the pressure spectrum in the acoustic far � eld as

2l SP P .! j / D
SP P .x0; ! j /

.! j=4¼c0re/
2bj9 I .! j ; 0; · Me/j2

.30/

where 9 I is the blade response function of an isolated blade and we
have speci� ed the observer to be located at x0 D y0 D 0. It is there-
fore relatively simple to obtain the pressure spectrum required for
Eq. (17) from measurements of the acoustic � eld from an isolated
blade.The accuracyof this estimate is determinedby the knowledge
of the blade response function,but this is speci� ed theoretically,and
the primary assumption is that scattering by the leading edge of the
blade is ignored.

G. Numerical Implementation
The theory described earlier has been implemented by carrying

out � ve separate tasks based on the input parameters of a particular
fan design.

1) The self-noise source spectra are calculated using the blade
self-noise prediction code provided by Brooks et al.9 This calcula-
tion is carried out for each blade station and gives spectral levels
between 200 and 40,000 Hz in blade-based coordinates.

2) The duct mode eigenvalues and eigenfunctions are calculated
for each frequency at each radial station with suf� cient resolution
for the radial integration required in Eq. (17).

3) The blade response function and source level are calculated
for all cut-on modes at »10 radial stations across the blade span.

4) The radial integration is carried out numerically. The mode
functions are highly oscillatory, and so a small step size is required
in the integration to de� ne these correctly. Accurate results are ob-
tained by using at least 30 steps across the span for the lower-order
modes and by increasing this to .a ¡ h/=.5smax/ for large radial
mode orders where smax is the largest value of s for all propagating
modes at a given frequency. However, relatively few source points
are de� ned in task 3, but they tend to vary smoothly so that linear
interpolation can be used to specify these functions at the small
increments required for the mode functions.

5) The sound power is evaluated for each frequency and each
mode using Eq. (17).

Numerical checks have been carried out on the radial integration
by comparing the results with known theoretical solutions. Further
checkson thenumberof radial stationsrequiredin task3 have shown
that 10 radial stations give a converged solution. The codes for the
blade response function have been checked using the two alternate
methods of calculation.

III. Results and Discussion
A. Numerical Examples

In this section, we will illustrate the application of the self-noise
model described earlier to a ducted fan. We will limit consideration
to a fan in a duct of radius 0.2286 m with 20 blades and a hub-to-tip
ratio of 0.44. The results will be presented in terms of the spectrum
level of the sound power obtained from Eq. (8) and corrected for the
bandwidth used in the frequency analysis by multiplying by 21!
with 1! D 2¼ rad/s. Unless otherwise stated, the tip Mach number
will be 0.7, the tip in� ow angle ¯ D tan¡1.U=Äa/ D 23 deg, and the
bladechord0.081m. Two differentdistributionsof bladeangleof at-
tackwill be considered:a constantangleof attackof 7 degat all span-
wise locationsand a varyingangleof attack in which there is a linear
reduction of blade angle from 8 deg at the hub to 4 deg at the tip.

B. Self-Noise Source Levels
The self-noisesource levels are obtained from the nondimension-

alizedmeasuredspectragivenby Brooks et al.9 for a seriesofNACA
0012 airfoils with different chords and at different angles of attack.
The measured spectra in Ref. 9 scale with the � fth power of the
in� ow velocity, and signi� cant increases in the low-frequency part
of the spectrum were observed at high angles of attack when � ow
separation and/or stall occurred. Flow separation was signi� cantly
altered by the use of boundary-layertrips, indicatingthat signi� cant
scale effects may be present.

This study is concernedwith high-solidityfans in which the local
� ow in a blade passage may vary signi� cantly from a � ow with
the same Reynolds number over an isolated blade. In particular, the
in� uence of adjacent blades on � ow separation and boundary-layer
development may be signi� cant. Furthermore the airfoils used in
the study of Brooks et al.9 were uncambered, whereas ducted fan
blades usually include a signi� cant amount of camber. The rela-
tionship between the angle of attack of an isolated blade and the
equivalent angle of attack of the blades in a high-solidity fan is yet
to be determined and will require an extensive experimental study.
However, results to date suggest that the blade incidence angles are
equivalent between these two cases, but further work needs to be
done to con� rm this preliminary conclusion.

Figure 3 shows the isolated blade self-noise spectra for each ra-
dial station of the constant-angle-of-attack case (case A) described
earlier. Note how the highest levels occur near the blade tip where
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Fig. 3 Source spectra for a rotating blade with a constant angle of
attack of 7 deg.

Fig. 4 Source spectra for a rotating blade with a linearly varying angle
of attack from 8 deg at the hub to 4 deg at the blade tip.

the blade relative velocity is highest and how the spectral peak oc-
curs at »9000 Hz. At inboard stations, the peak moves to lower
frequencies, and the levels are reduced as the � fth power of the
blade relative velocity.

For the case when the blade angle of attack varies across the span
(case B, Fig. 4), a different characteristic is observed. The increase
in angleof attackon the inboardstationsof the bladecauses the level
of the spectral peak to remain constant in spite of the reduction in
blade relativevelocity.This characteristicis caused by the � ow over
the blade approachingseparationand will be affected by the details
of the fan design. In general, we can conclude that separated � ow
will result in signi� cant increases in low-frequency self-noise from
the fan.

C. In-Duct Sound Power
To demonstrate the effect of the two different variations of blade

angle of attack on the radiated power levels, Fig. 5 shows the down-
stream sound power for the blade source levels given in Figs. 2 and
3. Note how the constant-angle-of-attack case has higher levels, es-
pecially at high frequencies. The high-frequency characteristic is
explained by the higher angle of attack close to the blade tip for
case A. In contrast, the high angle of attack close to the hub causes
blade stall for case B, and this results in higher low-frequencylevels,
as expected from Fig. 4.

An interesting feature is the noticeable dips in the spectra at
»8 kHz. This is caused by the interference effect discussed in Sec.
II.E and is a direct consequenceof the cascade blade response func-
tion having a null in this frequency band.

The scaling with Mach number is shown in Fig. 6 for case A,
giving results for blade tip Mach numbers of 0.5, 0.6, 0.7, 0.8,
and 0.9. To obtain these curves, the fan speed was varied while
the same in� ow angle and angles of attack were maintained. An

Fig. 5 Downstream sound power for an angle of attack that is a) con-
stant across the span and b) linearly varying across the span.

Fig. 6 Effect of increasing the Mach numberon the downstream sound
power for case A.

Fig. 7 Overall sound power for case A as a function of blade tip relative
Mach number. (Note that for Mach numbers >0:7 levels are under-
estimated.)

increase in the spectral level is observed with greater increases at
higherfrequencies.To determinethe scalingof self-noisewith Mach
number, Fig. 7 shows the total sound power as a function of blade
tip Mach number obtained by integrating the spectra. For Mach
numbers less than 0.5, the scaling is proportional to the � fth power
of the Mach number as expected from the source levels. At higher
Mach numbers, a greater sensitivity is observed, and the scaling is
closer to the sixth power of the Mach number or greater. Note that
at Mach numbers greater than 0.7 the complete spectra could not be
calculated,and so the levels are obtainedby integratingthe available
data shown in Fig. 5.

The scaling with angle of attack is shown in Fig. 8 for case A
with nominal angle-of-attack changes of ¡2, ¡1, 0, C1, C2 deg
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Fig. 8 Effect of increasing the angleof attack on the downstream sound
power for case A.

Fig. 9 Effect of increasing the angle of attack on the downstream over-
all sound power for cases A and B.

Fig. 10 Modal distribution of sound power as a function of frequency.

relative to the base level. Note here how the spectral shape changes
signi� cantly at low frequencies when blade stall occurs. In Fig. 9,
the total sound power between 1 and 20 kHz is shown as a function
of angle of attack for both cases A and B, and it is seen that this
increases as »2:4 dB/deg for case B, which has a twisted blade
for which only the hub stalls in this range of parameters. Case A,
which has a constant angle of attack across the span, shows more
sensitivitybecause both the tip and the hub region stall at incidence
angles greater than 7 deg.

D. Modal Power Distribution
One of the interesting features of the approach given here is that

the distribution of sound power in each mode as a function of fre-
quency can be displayedas shown in Fig. 10 for the constant-angle-
of-attackcase (case A). In this plot, the sound power is presentedfor
all the azimuthalmodes (x axis), against frequency(y axis), and the
contourheight (z axis) represents the sound power that is the sum of
the levels in the radial modes. The plot shows a clear tendency for

Fig. 11 Modal sound power for case A as a function of frequency and
blade-based frequency for modes 0, 10, and 20.

there to be more sound power in the positive (corotating) modes at
high frequencies,and at low frequencies there is more sound power
in the negative (counter-rotating) modes. Figure 10 also highlights
valleys in the modal power distributionthat are causedby the blade-
to-blade interference effects discussed in Sec. II.E.

To further investigatewhy the modal power is concentratedin the
corotatingmodes, we note that the frequency-dependent factors that
affect the mode strengthgiven by Eq. (17) are the wave numbers ¯ js

and k§
js , the sourcespectrum2l SP P , and the blade response function

9. The source spectrum and the blade response function are both
functions of ! j D ! ¡ jÄ, which represents the blade-based fre-
quency and accounts for the Doppler shift of the moving blades by
couplingdifferentsource frequenciesinto differentduct modes.The
interferenceeffects due to blade-to-bladeinteractionsthat cause the
valleys in Fig. 10 make it hard to separate out the source spectrum
scaling for each mode, and so calculations were carried out using
a blade response function that eliminated adjacent blade interfer-
ence. This was achieved by letting h0 tend to in� nity in Eq. (29).
The sound power spectra for the modes j D 0, 10, and 20 are shown
in Fig. 11a. The spectral peak occurs at higher frequencies for the
higher-order modes, but when plotted against the blade-based fre-
quency (Fig. 11b), all the spectral peaks line up, showing that the
sound power is primarily a function of the blade-based frequency.
The match is notperfectat the lower frequenciesbecauseof the in� u-
ence of the blade response function close to cut-on, and this is even
more pronounced for negative mode orders, for which the spectral
peak of the zero-order mode is cut off, but the high-frequencyparts
of the spectra line up as a function of the blade-based frequency.

IV. Conclusions
A theoreticalpredictionmethod for thebroadbandself-noisefrom

ducted fans has been developed.The source mechanism is assumed
to be the interactionof the turbulentboundary layer with the trailing
edges of the blades, and the source levels are obtained from the
measurements of self-noise from isolated blades.

It was shown that strip theory must be used to apply these results
to a rotatingblade, and this is only a valid approximationin the high-
frequencylimit where the acousticwavelength is much smaller than
the duct radius. A method was introduced for coupling the modes
in a circular duct to the modes of a linear cascade. This is achieved
by matching the dispersion relationshipof the acoustic � eld in each
case, and if this is not done correctly, then the incorrect behavior
of the blade response function is obtained close to cutoff. This is
important due to the singular nature of the expression for the sound
power at the cutoff frequency.

It has been found that for a high-solidity ducted fan the blade
surfacepressuresarenotuncorrelatedon eachblade, andcorrections
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mustbe includedfor the scatteringfromthe trailingedgesof adjacent
blades. This is achieved by using a blade response function that
assumes blades of semi-in� nite chord arranged as a linear cascade,
and this function has the correct behavior to properly calculate the
modes close to cutoff,which is not the case for approximatemethods
thatdonot includetheeffectof the spanwisewavenumber.However,
a correction needs to be added to account for the propagation of
trailing-edge noise through the blade passages and into the duct
upstream of the fan.

Numerical results show that the in-duct sound power scales with
the � fth power of the fan speed at low Mach numbers, but this
changes to the sixth power or greater at high Mach numbers. The
angle of attack of the blade increases the self-noise as 2.4 dB/deg,
and signi� cant increases in low-frequencyself-noise occur if blade
stall occurs. For blades with a linear variation of angle of attack,
stall effects occur primarily in the hub region, and this does not give
as large increases as do stall effects that occur in the tip region of
the fan. It is also shown that the sound power is concentrated in the
corotating modes because of the Doppler shift introduced by the
fan.

The advantage of the approach given here is that it is based on
an experimental database and so includes the effects of nonlinear
source mechanisms and viscosity in high-Reynolds-number� ows.
Given the limitation that the � ow is modeled as being the same as
that of an isolated blade, the method makes a � rst-order attempt to
accountfor the self-noise from blades at high angles of attackwhere
separated � ow and blade stall takes place over different sections of
the blade. Clearly more work is required, both experimentally and
numerically, to evaluate the turbulent boundary layer close to the
trailing edge of fan blades that, in contrast to the blades used here,
may be highly cambered and in� uenced by the presenceof adjacent
blades.However, the methoddescribedhere shouldgivea � rst-order
estimate of the trailing-edgenoise from a ducted fan.
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